CUMULANTS IN NONCOMMUTATIVE PROBABILITY THEORY II. 
GENERALIZED GAUSSIAN RANDOM VARIABLES 



FRANZ LEHNER 

Abstract. We continue the investigation of noncommutative cumulants. In this paper 
various characterizations of generaUzed Gaussian random variables are proved. 
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Generalized Gaussian random variables and Brownian motions have a long history in non- 
commutative probability theory and noncommutative central limit theorems. For a system- 
atic study see [GM02]. In this paper we consider generalized Gaussian random variables 
from the point of view of combinatorial cumulant theory as developed in our paper [Leh02], 
to which we refer as part L Our aim is to prove characterizations of Gaussian random vari- 
ables, as found in [KLR73] and [Bry95] for classical Gaussian distributions. There are 
essentially two kinds of characterizations. The proofs of the simpler ones like spherical 
symmetry, Bernstein's and Lukacs' theorems can be immediately transferred to the non- 
commutative case, while other theorems, notably including Cramer's and Marcinkiewicz' 
theorems, do not hold in general. 



1. Preliminaries 

Throughout this paper we will consider a fixed noncommutative probability space {A, (p) 
and an exchangeability system £ = {U, (p, J) for {A, ip) as defined in part L The inter- 
changeable images of ^ in W will as usual be denoted by {Ai)i>o, and we shall identify A 
with We shall moreover assume that ^ is a *-algebra and that all considered random 
variables are selfadjoint. 
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Definition 1.1. We say that two random variables X and Y & A have the same dis- 
tribution given £, if for any word W = WiW2---Wn with Wi G {X} U IJj>i A the 
expectation (p(W) does not change if we replace each occurrence of X by Y. We call X 
and Y S-i.i.d. if in addition they are ^-independent. Similarly a sequence {Xi)i^^ C A 
of ^-independent random variables is called £-i.i.d. if for any word W — WiW2 - ■ - Wn 
with Wi e {Xi : i G N} U Ui>i the expectation (f{W) does not change if we apply a 
permutation a e ©oo to the indices oi Xi, i.e., if we replace each occurrence of by -'^o■(^)■ 

We will need the following weak variant of pyramidal independence (cf. Definition 1.3.10). 

Definition 1.2. Let Xi be an interchangeable sequence of (centered) random variables, 
that is, for every permutation tt G ©oo and every choice of indices ii,i2, ■ ■ ■ the expec- 
tation does not change under permutations: 

¥'{X-^(i^)X^(^i^) ■ ■ -^TrCin)) = ^{Xi^Xi^ ■ - -XiJ. 

We say that the singleton condition holds if 

whenever one of the Xj's occurs exactly once. 

Let us start this section by quoting a general noncommutative central limit theorem. 

Theorem 1.3 ([BS96]). Let {A,(p) be a noncommutative probability space, and Xi — 
X* & A be a sequence of exchangeable random variables. For a partition v denote 

(p{u) ^ (p{Xi^Xi^ ■ ■ ■ XiJ 

where {ii, 12, ■ ■ ■ , in) is any multiindex with kernel v. Assume that v'(Xj) = 0, i^iXf) — 1 
and moreover that the singleton condition of Definition 1.2 holds. Then the sequence 
Sn — X^f^ Xi has limit distribution 

hm ^(5^"+^) = hm ^{S^^) = 

A"— >oo N^oo ' ^ 

Interchangeable sequences generate interchangeable algebras and give rise to exchangeabil- 
ity systems. In view of the preceding noncommutative central limit theorem we define 
Gaussian families as follows (see also [GM02]). 

Definition 1.4. An interchangeable family {Xi) of random variables is called (centered) 
Gaussian if all cumulants which correspond to non-pair partitions vanish. In other words, 
there is a function on pair partitions 1/ : Iln ■* — > C such that for all h : [n] ^ I 

(1-1) V{Xm)Xh(2) ■ ■ ■ Xh(ri)) ^ Yl 

7r<ker h 

In particular, odd moments vanish and the singleton condition holds. 

Noncommutative (i.e. operator valued) Khinchin inequalities are available for Gaussian 
families, see [BucOl]. 

In the following all random variables are assumed self-adjoint and the state (f is assumed 
to be faithful. This is needed for the following crucial lemma to be valid. 
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Lemma 1.5. Let £ — {U, (p, J^) be an exchangeability system for a C* -probability space {A, ip) 
with (p faithful. LetXeA be such that X^^^ ^ X^^). Then Kl{X,X) > 0. 

Proof. By Good's formula 

Xf(X, X) = - = - > 

□ 

2. Spherical symmetry and related characterizations 

We review now some characterizations of classical Gaussians which may or may not hold 
in the general framework of definition 1.4. A simple characterization is the following. 

Proposition 2.1. Let X and Y be £-i.i.d. noncommutative random variables such that 
has the same distribution as X (and Y). Then X and Y are centered Gaussian. 

Proof. We have to show that for every partition tt the cumulant K^{X, X, . . . ,X) vanishes 
unless TT is a pair partition. Indeed, whenever there is a block B of length m ^ 2, then the 
assumption and Good's formula (Proposition 1.2.8) imply 

KUX,X,...,X)^KUX,,X2,...,Xr,) 



where 



X xii^B 
and because of vanishing of mixed cumulants we obtain 

KliX^, X2,..., X„) = 2-™/2i^^(x, X,...,X) + 2-^I^K',{X[, X'„..., X'^) 

where 

V ifieB 



and thus 



X lii^B 



Kl{X, X,...,X)^ 2'-^/'kUx, X,...,X) 
which is only possible if the cumulant vanishes. □ 

The following generalization holds. See [Bry95, Thm. 3.3.1] for the classical case. 

Proposition 2.2. Let Xj be a sequence of£-i.i.d. random variables and suppose that there 
are real numbers ai, a2, . . . , a„ 7^ such that ^ a^Xj has the same distribution as X — Xi. 
Then X is gaussian. 

Proof. Comparing the second cumulant we get 

Kl{X) = J2a^K'2{X) 

and by Lemma 1.5 we infer that — i- The rest of the proof is the same as the proof 
of Proposition 2.1. □ 



4 



FRANZ LEHNER 



Another characterization of classical Gaussians is Maxwell's theorem. Its analogue for 
classical exchangeable random variables was proved by [Kin72], namely that spherically 
symmetric exchangeable classical random variables are conditionally i.i.d. normal. For the 
free case see [Nic96]. 

Definition 2.3. A family (Xj) of random variables is spherically symmetric if for every 
n e N and for every real orthogonal matrix U & 0{n) the families Yi — ^ UijXj and Xi 
have the same joint distribution. 

Theorem 2.4. An infinite interchangeable family (Xi) is Gaussian if and only if it is 
spherically symmetric. 

Proof. Assume Xi is gaussian and let U — [Uij] G 0{n) be an arbitrary orthogonal matrix, 
i-e-, UijUhj — Sik. Fix an index map g : [m] — > [n]. Then by multilinearity we have 



^0^9(l)^g{2) ■ ■ ■ yg(m)) = Ug{l),h(^)^9m,h{'^) ' ' ' Ug{m),h(m) ^{^h(l)^h{2) ' ' ' Xh{m)) 

h:[m,]^[n] 

= ^9(1),M1)^9(2),M2) •••^9M,Mm) 

7r<ker h 



this is zero unless m is even and in the latter case 



= '^(^) Yl Ug(i)^hil)Ug(2),h{2)---Ug{m),him) 

Tren^' h.[m]-^[n] 
ker n>n 

= J2 ^(^) n Y^9{a),jUg^b),j 
= Y ^(^) n ^9{a),g{b) 

7r<kerp 

= (p{Xg^l)Xg^2) ■ ■■Xg^rn)) 



For the converse, we are going to prove that if the X^ are even and if for each n there 
exists a orthogonal matrix, none of whose entries has modulus 1 and which leaves the joint 
distribution invariant, then only the cumulants of order 2 are nonzero. 
Suppose (Xj)j=i 2,...,n has the same distribution as = ^ UijXj for some orthogonal matrix 
with the above property. We have to show that the cumulants corresponding to non-pair 
partitions vanish. Let tt = {7ri,7r2, . . . ,7rp} e H^. Because the X^ are even, we can easily 
dispose of partitions with singletons, so assume that all blocks have cardinality at least 2. 
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Then by multilinearity 

= ^7r(l),/i(l)t4-(2),/i(2) • • •t4(m),/i(m)-f^^(-^/i(l),-^/i(2), • 

= ^ ^7r(l),/j(l)^7r(2),/i(2) " " " t4-(m),/i(m) -^^ X, . . . , X) 
ker ft.>7r 



, ^/i(to)) 



7r,e7r \ fc / 



and by assumption each J2k ^jk^ where |7r,| > 2 has modulus strictly less than 1 and thus 
the product is different from 1 unless all block sizes are equal to 2. □ 

Actually a stronger characterization holds, known as Bernstein's theorem or Kac-Loeve 
theorem [Fel71, §111.4]. 

Proposition 2.5. Let Xi and X2 be £ -independent noncommutative random variables 
and assume that the random variables Yi = aXi + (3X2 and Yi = 7X1 + 6X2 are also 8- 
independent with a'f + P6 = and a, /9, 7, 5 7^ (that is, the matrix ^] -has orthogonal 
columns). Then Xi and X2 are (shifted) gaussian and have the same variance. 

Proof. The ^-independence of Yi and Y2 implies vanishing of mixed cumulants, in particular 

= K^{Yu Y2) = a7^f (Xi, Xi) + [3SKI{X2, X2) 

^a^{Kl{X,,X^)-Kl{X2,X2)) 

and therefore ir|(Xi,Xi) = ir|(X2,X2). Moreover we have 

0] ^ \K£^{Y,,Y,,...,Y^,Y^,Y2) 
Oj [k'^{Y,,Y,,...,Y,,Y2,Y2)_ 

a^-^-lKi{X^, Xi, . . . , Xi) + r-i^irf (X2, X2, . . . , X2) 



a 



n-2 



I'K'^iX,, X,,.... Xi) + ^-252^^ (X2, X2, . . . , X2) 



a P 
7 S 



a 



n-2 



7irf(Xi,Xi,...,Xi^ 



[r-25irf(X2,X2,...,X2) 

and since the matrix ["5] is invertible (if not, the random variables Yi and Y2 are actually 
scalar multiples of each other and cannot be ^-independent), the higher order cumulants 
vanish. □ 

For the multidimensional version of Bernstein's theorem we need the following class of 
matrices. 

Definition 2.6. A matrix A e M„(R) is called reducible if there are permutation matrices 
Ci, C2 such that 

'Ai 



C1AC2 



A. 
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Otherwise A is called irreducible. Equivalently, A is irreducible if it does not commute 
with any projection of the form P — ^^^jeu. 

Proposition 2.7 ([HNY99, Thm. 3.5]). Let {A, (f) be a C* -probability space with (p faith- 
ful. Let Xi ^ A, i = 1,2, . . . ,n (with n > 3) be centered S -independent random variables 
and let U he an irreducible orthogonal n x n matrix such that Yi — Yl, UijXj are also 
£ -independent. Then the Xi are £-i.i.d. Gaussian. 

Proof. First let us prove that all Xi have the same variance. Indeed, 

KliYi, Yj) = UikUjiK^iXk, Xi) 

k,l 

— ^ UikUjkK2{Xk, Xk) 

k 

i.e., if we set S = [Xf (X^, Xj)], H = 1^)] (both are diagonal matrices by assumption 

and have nonzero diagonal entries by Lemma 1.5), then we have 

Because the spectrum is invariant, it follows that we can also write if as a permutation 
of S: H = C^EC. Consequently CUE = ECU and CU is irreducible and commutes 
with the spectral projections of E. The latter have the form X^j^j cu and therefore S is a 
multiple of the identity matrix. To conclude the proof we have to show that the higher 
order cumulants vanish. Note that every row of U has at least two nonzero entries. (If 
there is only one nonzero entry, the other rows must have zero in the corresponding entry 
because of orthogonality, causing the matrix to be reducible). We fix an index k and 
assume without loss of generality that the entries Ui^k and U2,k are nonzero. Consider for 
m > 3 the identity 

O^KiiY„Y,,Y,,...,Y,,Y,) 

= E U^,Ul^r'U2jKi{X„ X„ X,) 
j 

which holds for every i. Therefore we have by orthogonality 

= E E U^,Ul^^'U2,K'^{XJ, Xj, X,) 

i j 

= E SjkUrf'U2jK'^{X„ X„ Xj) 
j 

= U^'~'^U2kK^(Xk, Xk, Xk) 
It follows that K^{Xk, Xk, . . . , Xk) = 0. □ 

3. Linear Forms. The Skitovic-Darmois theorem and its relation to 
Cramer's and Marcinkiewicz' theorem 

In the classical case, an even stronger result than Bernstein's theorem holds, known as 
Skitovic-Darmois theorem. 
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Theorem 3.1 ([KLR73, Ch. 3]). Let for n > 2 classical independent random variables 
Xi, X2, . . . , Xn be given and let Oj, bi be real numbers for which aibi ^ for each i. Assume 
that the linear statistics 



Yi = aiXi + 02X2 + • • • + a„X„ Y2 = biXi + 62^2 + • • • + 6„^n 



are independent. Then Xi are all gaussian. 

This theorem heavily depends on Marcinkiewicz' and Cramer's theorems. 

Theorem 3.2 (Marcinkiewicz [Mar39, Bry95]). Let X be a classical random variable 
with only finitely many non-vanishing (classical) cumulants. Then X is normal, i.e., all 
cumulants of order greater than 2 vanish. 

Theorem 3.3 (Cramer [Fel71, §XV.8]). Let Xi,. . . , X„ be classical independent random 
variables such that their sum Xi + X2 + ■ ■ ■ + X^ is normal. Then all Xi are normal. 

In the general case Marcinkiewicz' and Cramer's theorems do not hold, for example in 
free probability [BV95]. Counterexamples to both can be fabricated from the following 
theorem, which shows that the free cumulants of order higher than 2 can take more or less 
arbitrary values. 

Theorem 3.4 ([BV9o, Thm. 2]). For every r > there exists S > such that the Taylor 
coefficients Cn of every function f{z) = —z + ^^o'^^+i'^" analytic in {z : \z\ < r} which 
satisfies f{z) — f{z) and \f{z)\ < 5 for every z are the free cumulants of a probability 
measure. 

Corollary 3.5. For small enough £ there exists a selfadjoint random variable X (equiva- 
lently a probability measure on the real line) with free cumulants K^{X) — 0, K2{X) — 1, 
Ki{X) = £ and K^{X) = for n > 4. 

This lemma can be used to show that the analogue of Skitovic' theorem fails in the free 
case if there are at least three random variables involved. 

Proposition 3.6. There are free random variables Xi,X2,Xz which are not semicircular 
and such that Yi = aiXi + 02^2 + 03-^^3 and Y2 — biXi + 62-^^2 + b^X^ are free. 

Proof. By Corollary 3.5 there exists £0 > such that for every e with \e\ < Sq there exists 
a selfadjoint random variable X{e) such that all free cumulants oi X{e) are zero with the 
exceptions K|^(X(£:)) = 1 and K^{X{e)) — e. Let Xi,X2,X^ be a free family where 
Xi - X{£/A), X2 - X{£) and X3 ~ X{e), 



= 2X1 -X2 + 2X3 



Y2 — 2X1 + 2X2 — X^ 
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Then have vanishing mixed cumulants: 

A-f (Fi, F2) = a,hK^{X,, Xi) + asfesA-f (X2, X2) + a^hK^ {X3, X3) 
=4-2-2=0 

K[{Y,, Y,, Y2) = alhK^{X^,Xr, X^) + alhK^{X^, X^, X,) + alhK[ {X,, X3, X3) 

= 8-1 + 2-4 = 
4 

X3^(yi, ^2, 1^2) = aiblK[iX,,X^, Xi) + a26^X3^(X2, X^, X^) + aa&^Xa^l^a, X3, X3) 

= 8-1-4 + 2 = 
4 



and for all n > 4 we clearly have K^{Yi^,Yi^, . . . , Yi^) = 0. □ 

Definition 3.7. Let S = (U,ip,J') be an exchangeability system for {A,(p). We say that 
Marcinkiewicz' theorem holds in £ if a selfadjoint random variable X, which for some fixed 
m satisfies K^{Xi, . . . = whenever one of the blocks of tt consists of more than m 
copies of X's, must be gaussian. 

We say that Cramer's theorem holds in £ if for any decomposition X — Xi + X2 + 
■ - • + Xn of a selfadjoint gaussian random variable X into £^-independent random variables 
Xi, X2, . . . , Xn, the summands Xj themselves must be gaussian. 

Theorem 3.8. In an arbitrary exchangeability system Marcinkiewicz' theorem and Cramer's 
theorem imply the Skitovic-Darmois theorem. 

Proof. We follow the proof of [KLR73]. Let Xi, X2, . . . , Xn be £^-independent random 
variables and a^, bi nonzero real numbers. Assume that the random variables Yi = aiXi + 
02X2 + - - - + anXn and Y2 = biXi + 62-^2 + - - - + bnXn are ^^-independent. After rescaling 
the Xi's we may assume that = 1 for all i. The assumed independence relations imply 
for every pair of real numbers (a,/?) the following identities for the cumulants. 



(3.1) KiaY, + PY2) = a-K[^{Y,) + rKl{Y2) 

n 

(3.2) 

n 

(3.3) KiiaY, + PY2) = 5^(a + /36,)™ir^(X,) 

(3.4) 

Let us first consider the case that the bj are pairwise different. Then we can differentiate 
the identity 

n n 

J](a- + rbT)Ki{X,) = J](a + /36,)™ir^(X,) 

j=l 3=1 

k times with respect to (3 and evaluate at a = 1 and (3 = and obtain 



m{m - l)(m - 2) . . . (m - A; + 1) ^ &J^m(^j) = 
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if m > n, this gives rise to a regular Vandermonde system and therefore K^(Xj) must 
vanish. Marcinkiewicz' theorem then implies that the Xj are gaussian. 
If some of the bj's are equal, we can group the X^'s with equal coefficients together, and 
the considerations above imply that the sum of the Xj's in each group is gaussian. Then 
Cramer's theorem implies that the individual Xj^s are gaussian. □ 

As noted above, Marcinkiewicz' theorem and Cramer's theorems do not hold for free inde- 
pendence, but they do hold e.g. for boolean independence, see [SW97]. 

4. Quadratic forms. Lukacs' theorem 
The next result is known as Lukacs' theorem in classical probability [Fel71, §111.6]. 

Proposition 4.1. Let Xi,X2, . . . ,Xn be a sequence of noncommutative £-i.i.d. random 
variables for which the singleton condition of Definition 1.2 holds. Then Xi are gaussian 
if and only if their sample mean Si — X^^fc sample variation T — ~ 'k^'^Y ~ 

Xl — ^S"^ are S -independent. 

Proof. To prove necessity, choose any n x n orthogonal matrix U = [Uij] with first row 
Uij = Then by Maxwell's theorem 2.4 the random variables X'^ — ^UijXj are also 
^^-independent. Consequently Si — \/nX']^ and 

^ 2 

are ^-independent. 

In order to prove sufficiency of the condition, we show that the presence of a block of length 
at least three in a partition implies that the corresponding cumulant vanishes. It is enough 
to consider the full cumulants, the argument for partitioned cumulants is entirely similar. 
Thus assume m > 3, then the ^-independence of Si and T — S2 — ^Sf implies 

O^Ki_,{Si,Si,...,Si,T) 

— ^m-ii^i-> Si, - ■ ■ , Si, S2) K^_i{Si, Si,. . . , Si, Sf) 

n 

By the product formula (Proposition 1.3.3) we have 

Ki_,{Y,Y, . . . ,Y,Y') ^ Ki{Y,Y, . . . ,Y) + Yl ■ ■ ■ , ^ 

7rV7ro=lm 

for any random variable Y, where ttq = I I I ■ ■ ■ I PI. Therefore the first term is 
^m-ii^i^ Si,---, Si, S2) = nK^_i{X, X,...,X, X'^) 

^n(^Ki{X,X,...,X)+ J2 K'niX,X,...,X) 

7rV7ro=lm 
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while the second term is 



n n\ ^-^^ J 



7rV7ro=lm 
7r<iT, 



7rV7ro=lm 

because each partition tt in the sum has exactly two blocks; The difference of the two terms 
is (n — 1) K^{X, X, . . . ,X) and vanishes. □ 

Lukacs' theorem can be generalized to more general quadratic forms as follows. For different 
proofs in the free case see [HNY99, HKNY99]. We are grateful to H. Yoshida for bringing 
the latter to our attention. 

Proposition 4.2 ([HNY99, Prop. 2.2]). Let Xi he a sequence ofS-i.i.d. Gaussian random 
variables in the sense of Definition 1.1 and let A e M„(R), b e R" such that 

(4.1) Ab^O b^A^O 

Then the linear form L = hXi and the quadratic form Q = Y1 cnjXiXj are E -independent. 

Proof. Without loss of generality we may assume that 6 is a unit vector, i.e., 6*6 = 1. In 
that case we can extend b to an orthonormal basis of R'^, denoted {6i = 6, 62, • • • , bn} where 
bi has components (6ij)j=i,...,n- We can express A in this basis as 



A = Y (^ijbib. 



with — b\Abj. By Maxwell's Theorem 2.4 the sequence — ^b^Xj has the same 
distribution as Xj. Our assumption (4.1) implies that ccy = and aji — for all j and we 
can rewrite L and Q as 

n 

which are clearly ^^-independent. □ 

Proposition 4.3 ([HNY99, Thm. 2.3]). Let (Xj) be an S-i.i.d. centered sequence satisfying 
the singleton condition and let A — [uij] e M„(R), b e R" be such that 

Ab = b'A = ymeN:J2 Kaii ^ 0. 

i 

If L — Yli biXi and Q = dijXiXj are S -independent, then X^ are Gaussian. 

Proof. The singleton condition implies that cumulants with singleton blocks vanish. There- 
fore it suffices to show that cumulants with a block of length greater than or equal to three 
vanish. We proceed by induction. Consider for m > 2 the cumulant 

K'^{L,L,...,L,Q)^0. 
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We can expand it with the help of the product formula (Proposition 1.3.3): 
Kf^{L,L,...,L,Q) 

= bh{l)bh{2) ■ ■ ■ bh{m-l)(lh{m)h{m+l)K^{Xh(l), ■ ■ ■ , Xh(^m-1), Xh{m)Xh{m+l)) 

h:[m+l]^[n] 

— bh{l)bh{2) ■ ■ ■ bh{m-l)(lh(m)h(m+l)K^{X^(^i^, . . . , X7r(TO-l) , ^7r(m)^7r(TO+l) ) 

Trellm+i /i:[m+l]^[n] 
ker h=iT 

Note that each contributing partition tt has at most two blocks and by the product formula 

-^m(^7r(l), ■ ■ ■ , -'^7r(m-l), -'^7r(m)-'^7r(m+l)) — ^ ^fi^J X, . . . ,X) 

pV7ro = lm,+ l 

p<7r 

with ttq = I I I ■ ■ ■ I rn, and where X = Xi has the same distribution as all the Xj. 
Using this we can continue 

= ^ ^ bh{l)bh{2) ■ ■ ■ bh{m-l)0'h{m)h{m+l)Kf{X, X,. . . ,X) 

7r,penm+i ker/i=7r 

pV7ro=lm+i 
p<7r 

= ^ ^ bh{i)bh{2) ■ ■ ■ bh{m-l)ah{m)h{m+l)Kf{X, X,. . . ,X) 

pVnQ = irr^ + l \^Cr h>p 

^Y.^r'auK'^+i{X.X,...,X) 

i 

+ ^ ^ bh{i)bh{2) ■ ■ ■ bh{m-l)<^h{m)h{ra+l)Kp{X, X, . . . , X) 
pV7ro=im+i kerfe>p 

P<lm+1 

We will now apply induction to show that all but the first term of the last summation 
vanish, and together with the assumption ^ b^'^aa ^ this will imply that K^^-^{X) — 0. 
For m = 2 we have 

= i^f (L, Q)^Y. ^^«-^f ^' ^) 

pe{ n I , m } ker h>p 

and because of the singleton condition all but the first summand vanish, showing that 

Xf(X,X,X)=0. 

For m = 3 we have 

= i^f (L, L, Q) = X ^) 

+ X X ^K^)^h{2)°'K^)K'^)^^p^-^-'-^-'-^-'-^^ 

pe{ m I , rm , rFTl , 17?! } ker /i>p 

For p e {mi, rm}, the term vanishes by induction hypothesis (and because of the sin- 
gleton condition). For p G {rFTl, rrTI } the coefficient of K^^ is ^b^^ja^j which vanishes 
by assumption on A and b. Now for m > 4 any p < Im+i satisfying p\/ t:q — l^n+i has 
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exactly two blocks and one of the blocks has cardinality at least three, and the induction 
hypothesis implies that the cumulant vanishes. □ 

Proposition 4.4 ([HKNY99, Prop. 2.2]). Let Xi be £-i.i.d. copies of the Gaussian random 
variable X. Then the quadratic form Q — Y^aijXiXj with A — [aij] symmetric has 
cumulants 

KiQ) = tr{A-) Ki{X') 

Proof. Indeed A can be diagonalized to A = U^AU with U orthogonal and by Proposi- 
tion 2.4 the random variables Yi = ^ UijXj have the same distribution as X^ and the 
cumulants of X] AjYj^ are 

□ 

Remark 4.5. The joint cumulants of arbitrary quadratic forms in Gaussian random vari- 
ables are computed as follows. Let Xj be an S-i.i.d. sequence of a Gaussian random 
variable X and let Qk — '^aij{k)XiXj be quadratic forms where A^ — [aij{k)] are not 
necessarily symmetric matrices. Then 

K^(Qi, Q2, ■■ ■ , Qm) 

= E E «/i(l)/i(2)(l) • • • a/i(2m-l)/i(2m)(^)-f^m(-'^7r(l)-^7r(2), • • • , -^7r(2m-l)-^7r(2m)) 
T^&^im ker h='K 



= E E (lh{l)h{2){'^) ■ ■ ■ ah{2m-l)h{2m){'fTl)Kp{X) 



pV7ro=i2m 

where ttq = n n ■ ■ ■ n. For free Gaussians (that is, free semicircular random variables) there 
is only one contributing partition, namely po = I n n • • ■ n I, and in this case 

K^iQi, Q2, ■ ■ ■ , Qm) = tr(AiA2 ■■■AJ. 

For classical Gaussian random variables, every pair partition p with p V po = 12™ can 
be obtained from po by permuting and flipping the pairs (3, 4), (5, 6), ... , (2m — 1, 2m). A 
permutation of pairs corresponds to a permutation of the matrices Aj. and a flip corresponds 
to replacing A^ by its transpose ^4^. There are {n — 1)\ ■ 2"'~^ ways to do this and we get 

K'miQl, Q2, - ■ ■ , Qm) = ^ ^ ^^i^^^7{2)^7{3) ' ' ' ^I'im)) 

<^6©{2,3,...,m,} £2,£3,---,£me{l,t} 

In the general case, these summands are weighted with the corresponding Kp{X). 

Proposition 4.6 ([HKNY99, Prop. 2.3]). Let X^ be an £-i.i.d. Gaussian sequence and A, 
B e M„(R) symmetric matrices. Then the quadratic forms 

Q = dijXiXj Q' = y ^ bijXiXj 

are £ -independent if and only if AB — 0. 

Proof. Assume that Q and Q' are ^^-independent. Then we can write cumulants in two 
ways: 

Ki{sQ + tQ')^iY{{sA + tB)'')K^^{X^) = (s"tr(A") + rtr(B"))i^f (X^) 
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for n — 4: this implies 

tr{{AB + BAY) + 2 tT{BA^B) = 
and therefore tT{{ABY{AB)) = 0, i.e., AB = 0. 

For the converse, we will prove that more generally, the symmetric quadratic forms Qk — 
'^aij{k)XiXj are ^-independent if the matrices Ak — [(iij{k)] satisfy AiAj — ioi i ^ j. 
Indeed, by the product formula (Proposition 1.3.3) we have 

KmS{Qki, • • • , Qkm) 

— a/i(l)/i(2)(^l) • • ■ (lh(2m-l)h{2m){km) -^m(^/i(l)^/i(2) ) • • • , ^h{2m-l)^h{2m)) 

h:[2m\^[n] 

— «/i(l)/i(2)(^l) ■ ■ ■ 0,h{2m-l)h{2m){km) -K^m(^7r(l)-^7r(2), • • • , ^7r(2m-l)-^7r(2m) ) 
"■ellgm ker h=iT 

= ^2 ^2 ^h{l)K'^)^ki) ■ ■ ■ ah{2m-l)h{2m){km) ^ ^p{^) 
•""6112^ ker ^=7r p<tt 

/9Vp() = i2m 



= ^ ^ (lh{l)h{2){ki) ■ ■ ■ ah(2m-l)h{2m){km)Kf{X) 



pVpo = l2m 

where po = n n • • • n. Each p is a pair partition in which each block connects two different 
blocks of po in such a way that the resulting graph is connected. If we number the blocks 
of po from 1 to m, we can define a cycle a e starting at block 1, choosing an arc of p 
which connects it so some block o'(l), choosing the other arc starting in block a{l) etc.n 
Using the symmetry of the matrices A^ we can rewrite 

«/i(l)/i(2) {ki) ■ ■ ■ ah{2m-l)h{2m) (km) = ^ "V{i)V(2) (^0 ' ' ' "V(2m-i) V(2m) (km) 
ker/i>p ii,...,im 

If the ki are not all equal, the matrix product vanishes by assumption. □ 

Proposition 4.7 ([HKXY99, Thm. 3.2]). Let X-i he a sequence of S-i.i.d. copies of the 
Gaussian random variable X. Then the distribution of 



i=l 

only depends on the number ^ a?. 

Proof. We show that the cumulants only depend on ^a^. 

i 

* 7rV7ro=l2m 
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where ttq — n n • • • n. Since X is Gaussian, the blocks of each contributing tt have size 
at most 2. Together with the condition tt V ttq = l2m this implies that tt is either a pair 
partition or tt has 2 singletons. 

* 7rV7ro = l2m 7rV7ro=l2m 

In the first term there are only cumulants of order 2 which are invariant under translations, 
therefore we can forget the Oj. In the second term, there are exactly 2 singletons and by 
Lemma 1.3.8 we have for such partitions tt that 

KUX + a,) = a^Kl{X) 

(2) 

where tt e ^2m-2 the partition obtained from tt by removing the two singletons. 

* 7rV7ro=l2m 

7rV7ro = l2m 

□ 

A converse of this theorem holds in classical and free probability, but we were not able to 
find a generalization. 
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